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ABSTRACT 

The problem of spurious  retrogression of very  long  waves  by the non-divergent  barotropic  forecasts is shown to 
be  the same  problem  discussed  extensively  by  Rossby,  Yeh, and Bolin. This difficulty is due  to  the failure of the non- 
divergent model to allow  properly  for the  mutual  adjustment of wind and pressure fields. The  equation of continuity 
for a homogeneous  incompressible fluid with  an  upper  frce  surface,  proposed as a remedy  by Rossby  nearly 20 years 
ago,  removes  much of the difficulty. Further  improvements  are  obtained  by inclusion of a tropopause  in the manner 
adopted  by Bolin. The results of a series of 10 test forecasts are shown  in  verification of the function of the divergence 
in a barotropic  model. 

1. INTRODUCTION incompressible atmosphere of thickness D, he used the 
equation of continuity 

The  inability of a  non-divergent  barotropic  forecast 
model to describe properly the behavior of the longest "+"+" bu bv 1 dD "=o 

bz dy D dt  ' atmospheric waves has resulted in large  systematic  height (1) 

errorsof the prognostic charts issued c y  t,he Joint  Kumeri- 
cal Weather  Prediction Unit.  This difficulty was correctly 
diagnosed by Wolf€ [7], who also devised a  method for 
automatic empirical correction to  the forecastas. This 

where u and v are  the speeds in  the x and y directions. 
This led to  the  introduction of a divergence into  the 
vort,icity  equation,  such that 

consisted of an enforced stabilization of hemispheric wave 
numbers one,  two, and three,  such that atmospheric  waves 5 - B d t -  (2) 
of this size were not allowed to change  either position or 
intensity during  the  forecast.  The  remarkable S U C C ~ S S  of where q is t,he absolute  vorticity  about a  vertical axis, and 
.Wolffls method was due  to  the  fact  that t,hese very-large- where the geostrophic  a.pproximation  is used to  set 
scale disturbances  are  in  fact  quasi-st,ationary. bD bD 

However, it  has been our ult,imat,c  objective  to  include bz dy u -+v- equal to zero. He then  arrived a t  a frequency 

in the  forecast models proper  descriptions of the physical equation  giving  the phase  velocity, C, of the divergent 
processes which actually occur in the  atmosphere, wher- waves, which can be written  in  the form 
ever possible. In looking  for the  appropriate physical 
mechanism responsible for t'he  very long waves, one maS C=- C N D  

2.5 note that their  positions are relatively invariant, suggest- 1+N2 

ing that geographically related  factors  are responsible for 

d17 7 q 0 ,  

(3) 

their formation  and  position.  Terrain-induced  vertical 
motion and differential surfa.ce heating  appear  to be likely 
causes. 

The question of the behavior of these waves, once 
formed, can be considered apart from  t'he  question of their 
formation. Abundant discussion of this  problem  appears 
in the literature. It now appears that we have  paid too 
little attention  to  the work of Rossby which bears on this 
question. 

where CND is the phase  velocity of the non-divergent waves 
and N is the hemispheric  wave  number  measured at  about 
4 5 O  N. The coefficient 2.5 applies to a homogeneous 
atmosphere. The  above  equation  and  the corresponding 
one for the  group velocity of this  type of wave have been 
thoroughly discussed by Rossby [5] and  by Yeh [8] .  In  a 
footnote  to  his 1939 paper,  Rossby [4] mentioned that  an 
analysis of a  two-layer  model  having an active lower layer 
and  an  inert  upper  layer  indicated  that  the divergence 

2. THEORETICAL  BACKGROUND introduced by t,hese considerations  might reach values as 
4 dD 

In his classic paper of 1939, Rossby [4] pointed  out, that high as -- -e  D d t  
application of the  vorticity  equation  to  a  non-divergent In  his 1945 paper  Rossby [5] again emphasized, very 
atmosphere did not properly take  into  account  the  adjust- explicity, the necessity  for allowing for the  mutual adjust- 
ment of pressure and wind fields. Using a homogeneous ment of wind and pressure by means of the  above  type 
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of divergence term.  Phillips' [3] two-layer model can  be 
specialized to describe Rossby's two-layer atmosphere. 
I n  the case where the motion in  the lower fluid is parallel 
to  the  contours of the  interface (V.vh=O), and  the hori- 
zontal  motion in  the  upper fluid is negligible, Phillips' 
equations  reduce to 

and 

In  the above  equations, h is  the  height of the interface, 
z can be thought of as the  height of an isobaric  surface  in 
the lower fluid, V and q are  the velocity and  absolute 
vorticity of the lower fluid respectively, and f and g are 
the Coriolis parameter and acceleration of gravity.  The 
factor E is given by  the  ratio of the density of the  upper 
fluid to  that of the lower fluid. From  equations  (4)  and 
( 5 )  and from the  lateral  boundary conditions where 
dz/at=bh/bt=O it is evident that 

Equation (6) is  consistent  with  a  continuity  equation  for 
the lower fluid, equivalent to 

where K=h/z. In  using  equation (6) as a  barotropic fore- 
casting  equation, it would be sufficient to use a mean 
value of h. 

Bolin [l] made some computations  with  a  barotropic 
model having a tropopause. This model was the  same as 
those described above. He used a factor of Q for K ( ~ - - E ) ,  
without giving a description of how he  arrived at  such a 
number. His  results were widely misinterpreted a t  the 
time  (and in  particular a t  the JNWP  Unit), since  t'his 
feature was presented  as a  cure  for excessive anticyclo- 
genesis. That problem has been  shown by  Shuman [6] 
to be related to  the geostrophic  approximation.  Never- 
theless, Bolin's results, while showing no improvement 
over the non-divergent  forecasts in some respects, clearly 
resulted  in  greatly  diminished  height  errors. It is  evident 
now that Bolin was really  controlling the very  long  waves, 
and  that  the reduced  spread of excessive ant,icyclogenesis 
was merely a consequence of the smaller  values of the 
group velocity obtained  from  his  prognostic  equation. 
At  the JNWP Unit, we were aware of the problem of 
retrograde,  very  long  waves  only  after we began to com- 
pute  on a hemispheric  grid a.nd after Wolff's analysis was 
completed. This was partly  due  to  the  fact  that  the cen- 
ters of height  error  from  this  source were very  near  the 
boundaries of our  previously used grid  and were confused 
with  boundary  errors. A suggestion by Dr. Norman 
Phillips led to  the re-examination of the  barotropic 
divergence. 

3. THE PROGNOSTIC  EQUATION 

Equation (6) was reformulated  in 8, finite-difference 
form as follows: 

I n  this  equation, # is the  stream  function  obtained from 
the 500-mb. height  through  the balance  equation [6] V* 
and J are  the finite-difference Laplacian  and Ja,cobian 
operators, d/m is the  distance  on t,he earth between grid 
points,  and p is the same  as 1/K (1- E ) .  The evaluation 
of E seems to  be a doubtful  matter, since the atmosphere 
is not composed of two homogeneous incompressible 
fluids. It was finally decided to use the atmosphere as an 
integrating machine  in  order to  obtain a realistic  value of p .  
Since we interpret h as t'he  height of the tropopause, z as 
the height of the 500-mb. surface and consider that 

we can  observe the  relative  variation of h  and z in the 
atmosphere.  An  inspection of tropopause  and associated 
500-mb. charts reveals p to  have  an  approximate value of 
4.* 

The second Jacobian  in equat,iou (8) is the standard 
large-scale mountain effect, where a, the  ratio of surface to 
500-mb. wind speeds, is set  at 0.2, p ,  is the pressure at the 
surface of the  ground,  and po is 1000 mb. 

4. RESULTS OF COMPUTATIONS 

Equation (8) was programmed  for the IBM 704 com- 
~~ 

puter for the 1977-point hemispheric  grid used by the 
JNWP  Unit.  Computation  time averages about 35 
seconds  per time  step. 

A series of 48-hour forecasts was made  for  varying values 
of p on one initial  situation,  that of 0000 GMT, February 
15, 1958. This c,ase was chosen because of the  very large 
amplitude of wave number  one. 

The first  forecast was made  with a  value of p=l, 
corresponding to a homogeneous atmosphere  having  a 
free  upper  surface. The results of this  are presented in 
figure 1. It is evident  from  this figure that  the upper 
free  surface  model  varies  greatly  from the non-divergent 
model  in its treatment of wave number one. The differ- 
ence is  in the direction  required to  reduce  error. Figure 2 
shows t'he  corresponding difference map for  p=4. This 
particular 48-hour period  was  characterized by several 
of the  most severe cyclogeneses obse,rved all  winter, and 

'If one follows the  derivation of the  equivalent  barotropic model as given by Chamey 

and Eliassen [2] but retains  the  term 'I * at  the lower boundary (w being the vertical 

velocity in a pressure-time coordinate system),  the  resulting  equation i s  the same as 
equation (8) with  the  important exception that  the factor M is less than 1, being the ratio of 
the surface to  the mean wind speed. In the  light of the results presented here, this fonntl- 
lation of the  equivalent  barotropic model appears to underestimate  the divergence neces- 
-sry  to  stabilize  the longest atmospheric waves. 

dP 

\\ 

/ 
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FIGURE 1.-(A) Stream  function  difference  between  48-hour  forecasts  made  by the barotropic  model  with p = l  and p=O. (B) Stream 
function  error of the 48-hour  non-divergent  barotropic  forecast. 

it  should not  be expected: that  any barotropic  forecast 
model could eliminate  all  large  errors  in  this  situation. 

Fourier  analyses were made  by  Cdr.  Paul Wolff on 
the 48-hour stream  function  forecast's  in  order  to discover 
the treatment of the  various low-frequency components 
of the  motion by  the model. The results  are  presented in 
figure 3. The large  changes of displacement  with  changes 
in /I for wave  number one,  compared  with  t#he  minor 
changes for  wave number five, are in good agreement' 
with the frequency  equation (3). 

Figure 4 shows the  errors of the 500-mb. height fore- 
. casts as a  function of the coefficient p. It is  clear that 

the major  improvement, in the forec,asts  result,s  from  t'he 
free-surface approximation. It is also clear that litt'le 
difference is made when p is  varied  between  values of 
3 and 8. 

A series of ten 48-hour forecasts was made in order 
.' to get a more  representative  idea of the level of acc,uracy 

of the forecasts.  Comparisons were made with the JNWP 
Unit's operational  barot'ropic  forecast  model  (rcferred 
to hereafter as "0" model), which includes  t,he very-long 
wave stabilization described by Wolff [7]. This was 
thought to  be a  more  relevant comparison than a c.om- 
parison with  the  unaltered non-divergent  barotropic 
model ("N" model),  since  the  relative levels of accuracy 
of the  height  forecasts of the 0 and N models were already 
presentedby Wolf€. Also, unpublished  results by Wdff FIGURE 2.-~tream  function  difference between 48-hour forecasts 

6 and Carstensen  indicate a reduction of about 19 percent made by the barotropic  model  with p=4 and p=O.  
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FIQURE 3.-Displacement of Fourier components of the  stream  function  in 48-hour forecasts vs. the values of coefficient p. Forecasts 

made  from 0000 GMT, February 15, 1958. 

i n  the 48-hour wind errors of a series of winter forecasts 
by the 0 model as compared  with the N model. Table 1 
presents the results of the  ten  comparative forecasts 
(“D” refers to the divergent  barotropic  model). 

The average  height  errors  for the  ten  forecasts show a 
slight but significant  improvement over the 0 model by 
the D model. A correspondingly  large  reduction of 

4 00- error  is  obtained by  the D model as compared  with N 
model, considering the previously published  results of 
Wolff. In  comparison with  the 0 model, the wind 
forecasts by t,he D model are no,t  much  improved. The 
improvement of the D model over the N model is, however, 
significant. 
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FIGURE 4.-Root-mean-square height  error of the 48-hour forecast 
for different values of the coefficient p. Forecast  made  from 
OOOO GMT, February 15, 1958. 

The success of forecasts made  by a  divergent  barotropic 
model suggests  strongly that large-scale divergences in 

TABLE 1.-Results of comparative forecasts made with the diferent 
models, D = divergent barotropic model, O= operational barotropic 
model, N = non-divergent barotropic model 

Initial  map 

Date 

RMS wind error (kt.) RMS height error (ft.) 

” 

Average”.. _._.....___ I-/188/- ____... 

277  479  27.1 
218  326  20.9 
267 ____.... 23.0 
253 __....._ 22.6 
216 __...___ 18.9 
189 __._.___ 19.6 
170 _ _ _ _ _ _ _ _  15.4 
127 _ _ _ _ _ _ _ _  16.0 
193 _ _ _ _ _ _ _ _  16.9 
142 ______._ 16.4 

26.6  32.2 
23.0 23.9 ’ 

25.3 _ _ _ _ _ _  _ _  
20.6 _ _ _ _ _ _ _ _  22.6 _ _ _ _ _ _ _ _  
19.8 ””“” . 
16.6 _ _ _ _ _ _ _  ~ 

15.2 _ _ _ _ _ _ _ _  
19.0 ”””” 
16.6 _ _ _ _ _ _ _ _  
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the atmosphere  inhibit  the  motion of very long  waves  in 
the manner  described by  the model. Additional  weight 
is given to  the  argument  by  the  fact  that  Rossby clearly 
and explicitly  emphasized the function of the  barotropic 
divergence many years  before  numerical  predictions could 
be made to test his conclusions. 

The  inclusion of a tropopause  in  the  barotropic model, 
after Bolin, gives further  improvement.  The estimation 
of the  proper  values of the  coeficient 1.1 is a difficult matter, 
and is subject  to  some empiricism. I t  does  not follow 
that a minimization of errors of the forecast heights  with 
respect to  the coefficient can.lead  to a copect  estimation 
of its value,  since i t  is possible that  an overestimation 
might tend  to  compensate for  correlated but physically 
unrelated  errors.  Investigations of mountain effects and 
surface heating  with  the aid of divergent  forecast models 
may throw  light on the  formation of these  very  long waves. 

I t  has  frequently been stated  that numerical  forecasts 
cannot be considered to  be in  competition with  other 
forecast systems  with respect to  height values (at 500 
mb., for  example). The  above  results, together  with 
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